Comparing two algebraic approaches to calculus: WIC

Prelude and COTP

Comparing the approaches by (1) Michael Range in AMM 2011, Notices 2014 and "What is
Calculus?" 2016 (only "Front Matter” and "Prelude”), and (2) Colignatus in "A Logic of
Exceptions” 2007 and "Conquest of the Plane" 2011
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trigonometry and tangent as "touching".
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Figure 1. Range (2016b:xvi) WIC "Preface"

Unfortunately, the transition from high school mathematics to calculus
is not easy. Students are usually exposed to deep new concepts right at the
beginning. In particular, important central applications such as variable
velocity, slopes of tangents, and more general rates of change and deriva-
tives are introduced by an approximation process that involves “limits” of
certain expressions that formally approach the meaningless quotient 0/0.
Therefore it becomes necessary to investigate and understand such “limits”
in order to proceed. Algebraic examples involving polynomials, rational
functions, roots, and so on, often tend to confuse matters: The limit as the
input x approaches the value a, where = must be assumed # a, is ultimately
found—after algebraic manipulations to remove the troublesome zero from
the denominator—by what is de facto ewvaluation of an algebraic expres-
sion by setting * = a. Thus limits tend to get mixed up with evaluation,
often leaving one wondering about what seem unnecessary complications.
The confusing relationship between limits and evaluation had surfaced al-
ready at the origins of calculus in the 17th century, but that did not stop
the pioneers from moving forward. The difficulties were only resolved in
the 19th century, when mathematicians introduced precise—and necessar-
ily complicated—technical descriptions of limits. Since then, these new
abstract concepts—in varying degrees of technical detail—have become a
major component of any introduction to calculus. Even when discussed in
intuitive non-technical language, they present quite a challenge right at the
beginning for anyone who wants to learn and understand calculus.



Figure 2. Range (2016b:xvi-xvii), "WIC Preface"

In this book we present a more elementary approach to derivatives for
wlgebimic lunctions that completely avoids limits. More advanced concepts
are only introduced later, when algebraic methods no longer work, for ex-
ample while studying exponential functions. The heart of the matter is an
up-to-date version of a fundamental idea that goes back to Hené Descartes
(1596—1650), one of the intellectual giants of his time, and that has re-
mained on the sidelines for centuries.

In more detail, we begin with a Prefude fo Calewlus, in which the an-
cient tangent problem and some of its variations are introduced and solved
for polvnomials and other algebraic functions—which are built up by finife
processes—hby using only elementary concepts familiar from high school al-
gebra and geometry. In particular, no mysterious quotients 0/0 appear,
and no limits whatsoever are needed at this stage. DBasic rules and for-
mulas are established in a direct and most natural way. The reader thus
begins to learn about tangents, derivatives, and all the mechanical rules

of calculus in a familiar setting, without getting burdened by investiga-
tions of more advanced concepts based on limits and infinite processes. At

# ) ¥ % # # 1 % 2
$$ ' . F8HxyAPx #y At x #y
8 AxR elements # & variables #H"
* analysis( ¥ " numerical
# + #$ ! # ' . +
# # #* # I apparently 1
# & # convincing $% t] T % # (
' #$ basically ## ' D
$ ' # o # - $ ' +/
D # o+l ## ( # #
# Y# ' ( $ % $ +% $ /
) ( /' # # ) ¢ g
' ' D) $ $ (
#t # § ‘# # ! + !
1/ "From Simple Algebra to Deep Analysis”, # D
$$ ", ' ) . $ t
* . $ #) $$ ) #
" ' ' )] ) # & *
convincing # # + 3 # - #
' # # # # +
> (' ) proscription ') $ $ (
EEE + # # # (D ) #
computer algebra, ) ' variables  # expressions. . #
$$ ! ) # -$ ¥
) ! 1% < Cf ' -$
+ ' #) $ # o
$ ( D #* D +1 # i
& $ # t # & D
#! ' #oroTe, $$ $ -8
) # +6 . ) #
Y# # (" # 1 D t $$
#' ## # ) # $ )’
# #* $#' ( < #1 '
-$ #* $# # # *



#* % ) t ## #
& ) # #H o #( # o* = U ( #
4 ) # * D) #4
Bt # ' +3 D '
. x ' $ POXR "PUR8 + ' ) * ' xla(
- $ x= 8xl + D #* D '
# : ( # D ! #
* ( - $ x1 = 8 $ - ¥
i (#* $ # ' X7 )
xI x8x7 Ix # & xl ) ) * #x=
x1 +
1~ ) # $ + 1 xt 1 ?x1 8x= xS (
& D # ) x8 +5 Appendix H+
tE+ g #' ' R |
tangent' ' slope. slope of
aline # slope of a functiont . $ *# # ' #
$ " * $ D * ' tangent line
adopts as its own slope $ ' Y #o* * i
. ## $ D ) # 6
+ & ) #
' # +5 ) #
( # 9% ## * *( #
( tix7 x8 ¢ . $ ) *
## * # =% # h)
$ #
1% #oH#H ' (
rename + ) # (
' +
" % # >* % $ () ' &
) t8) % # # ! redefines
double root ) * # ' t5
# ' # # + 3 # # # +
# ' # double root line. : (¥ % # # !
# $ * # * slope of the function.
* S ) T % #+
5 # " H# ( $$ * $ *#
$ # # $ $ *# $
+
,)-) # ( # . $ #$ ' $$
#o0x *a> ) * $ % # ( #/
D ## +
( $2
/ * ( by definition # $ $
* + $ ' # ' # # * * +



$ ( ) o* +
# # . $
2 | # HH $ *# . Appendix B or C + #'
# # * #t
$ X * # ' $ #
$ +0 # 0% #
$ $ & $$ t
# . H#H$ t
) IR )] #o* ' t
/ Po# # $ * () 2
# * * $ ' *
# $$ +5 ' 5 M6 <$$ $
D) derivative as slope # integral as height incrementt
# & ( Appendix B or C+
$ ' o# L slope of the curve( #
# ! . # + # ' ' '
D IR $ #* t, # * # .
- ) o $ *
# ' D ) # /) #1
) # $ * t
/ #* $ - % # $ 3% #
( D) t
F# $ —+1 ) * )
) # $ t $ # ) 3 * 8% $
(D # 4 § #
( )] $
D ) $ *  $5 & ( -$
X7 x8 ( ## $
-$ D #
-$ + 0 D # (
$ # ®) # o no
* 3% # + 5 $ -3 #
* 0% $ t
’ - 3% 2% # 3 2 0
P * 1 # # * #
[ $ ' # ¥ 'ox7
x8 "G $ < ' D #
$ "ot $ -+
, .3 # G # 2AppendixB ' ) #'$
a'-# #x* + Appendix C # #Hu" Ix  #If D
. X'-# #JIx* t # 1 %W C # <!’
# ' ' # * * 4 ) # . IJx8x—at $ $$ #
) x8a=Jx,) ) . X x=JIx" # a Xt
o ) D TR $3

* * % ) v #" $$ +



Table 1. Overview of the differences in approaches

Limits Algebra
"Algebraic functions" Expressions
Double root 2 5
$
Slope 5 # 2C2 2 C<M
$ * <) #
& ! #' &
Jx 8 *o*
+ 4 4
Tangent F* F # F
(/1$ 9 name ( # $
meaning ' ' t
2 $ * o fx( AxRa
2 f x = $ * o fx( xR
T % #2 # ' * (x( fxRA+
H* * # ( <($ C( &
# 4 # * * $ ' *
) presentation ##
justificationt ,  ( * H# % # (
' 'Tx % # #
$ # ( #*
$ % # )
+ 4 1* * )
# ) # +
1 (/ # * t,
1) # ## & ) ' # #
t ! ( $$ H# #
* +1* D ) ## D +
/ ) # (++ 4 ' #
# # # # # $' #
Lt
$ # deliberate repetition. $ #
# +] #(1# ## # $
2 < AppendixD($ * ' (
D $ ' + $ AppendixB )
## !
# t # #)
& #' $ +5 #
' $$ # D)
##
5 ' Tixk Appendix B T(x, Ixt Appendix C $
S, # $ " s
#oH## ( # . $ * 4 ( #
# '# $t
) ( ( $ +]
& #




# #? D $ 1

/ # D # N #)
1) $t +/ # # $. ) # F § #) (
§ ( # $ )

# ' 1) /
#o* # ) L+ # 'F +/ #
both ¥/ % #1 $% ## and # t, #
) # * ) - . ## - ( ##

"HE # # #) # # ' . $ -

K* 1/ proof of concept $$ * ' D) Notes
for instructors. ( ; a * $ (> = t
# $ " Y * # ( $
$ #( . $) D 1 -$ $ D ) $
4, # $ # ( # $ * r
# # & # 2 < ¢ +/
$$ ' b # # & # '
# # )D) # 1% #oo* #
$$ ## # o ' 3 )
$ # ' ' # & # # * * +
2. Theory of rational functions. Linking up to school mathematics
) 2
. ' ' w8Rz() Rz -$ z,
HEE ' ) & ' Rz8Pz'Qz
) PQ $ (Qzs +°
/I $$ ) * ' 2
K 2 * ' # group theory( ) $ *
# ( # ) U8 ) # D $ D * z+
, (z #  indeterminate variable, nondetermined.
K # ' # I y?x
$$ # ( ) # =+ # )
Wy, xR ' $$ % K
$ $ ¢
62 fundamental level * ' ' 4 #
$ $ ( $ ( D $
* ( # ) Qz#8 ) # * # #
- # * ' +5 ' - $ L % ¢ $ +° *
' * | ) ) # *
) # # +F
# # +5 *
1 % # * * # ¥
# # $ 3 ' ( # # $
#t $$ # #

. t ; $ $ ' D rational function - #

# ' D # ) # D ( D * ) #
¢ $ I $# '+ N #-$$" 8 Vv’ M ##8 B C

/[t y Mathematica Indeterminate # # ' $
/" t, * $ *#) # # 4

$D)) + + +# W ? 7 ? 7 i$H
m t#? ? C?& #K #? ? +

E$ 1)) $# Y * V$




D) # multiplicative polynomial *  + # $ #

# S # ) +t0  * #* Appendix H+ /)
D ) $ $ #
- # + D #* ; * +G
#( $ 8 ( # o* * ( #t
$ # ®) o $$
$ $$ * o4 #
* # ( $3 * & ;
.0 - # o, v
D I G ##( * $ # y,
+ 1% ' -$
$ #$ + K * )t
S & ( $ $ # 1& -$
$ 3% $ ( ( t
1* ( ' $$ * * #*
D/ -$ $ # ' * 4
# & + # < * * * ) (
#+

Figure 3. Overview of relations (taken from Colignatus (2017d))
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Figure 4. Steps without a memory where they originated (First line with real domain)
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Definition 2.1. A tangent to a curve at the point P is a line that infersects
the curve at that point with multiplicity two or higher, that is, a suitable
arbitrarily small rotation of the line around P will separate P into fwo or
more points of intersection.

Now that we have a more precise definition of a tangent we can look
for appropriate tools to identify such tangents, i.e., to find lines that inter-
sect the curve with multiplicity two or higher. The introduction of eoordi-
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Figure 7. Range (2016¢:17-18)

We are now ready to apply the double point method to an arbitrary
polynomial P, which we might as well assume to have degree > 2. We fix
a point (a, P(a)) on its graph. A non-vertical line through this point has
equation y = P(a)+ m(x —a), and its points of intersection with the graph
of P are the solutions of the equation

P(x) — [P(a) + m(x —a)] = 0. (P.5)

We need to find the slope m so that this equation has a zero of multi-
plicity at least 2 at x = a. Since P(z) — P(a) has a zero at a, Proposition
5.1 implies that P(x) — P(a) = ¢(z)(x — a), and similarly it then follows
that g(z) — gla) = k(z)(z — a), where g and k are polynomials of appro-
priate degrees. We want to emphasize that the polynomials ¢ and k that
are determined by these factorizations depend also on the point a that has

been fixed. By combining the two factorizations one obtains

P(x) — [P(a) + m(x — a)] = g(x)(x — a) — m(x — a) = [g(x) — m](x — a)

= [g(a) — m](z — a) + [g(z) — g(a)](x — a)
= [g(a) — m)(z — a) + k(z)(z — a)*.

This representation shows that the equation (P.5) has a zero of multiplicity
at least 2 at a if and only if m = g(a).

We are thus justified in making the following definition that is just an
algebraic version of the earlier geometric Definition 2.1.

Definition 5.3. The tangent line to the graph of a polynomial P at
the point (a, P(a)) is the (unigque) line through (a, P(a)) that intersects the
graph at that point with multiplicity at least 2. The slope of the tangent is
called the derivative of P at a, and it is denoted by D(P)(a), or also by
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for the value ¢(0). The geometric version of this idea in the present setting
suggests that the missing value ¢(0) for the slope of the tangent should
be approximated by the slope of lines through (0, 1) and a second distinct
nearby point (z,2%) on the graph as x # 0 approaches (. (See Figure 9.)
In fact, for x # 0, the slope of such a line is given precisely by the quotient
q(x).

It certainly looks very plausible that the unknown slope m of the tangent
can be approximated by g(x) as the non-zero value of x gets closer and
closer to (). In Figure 9, as x > 0 moves closer and closer to 0, the point
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Note that translating the equation
f(x) = fla) =q(x)(x —a)
into

fx) = fla)
a

X —

=g(x)forx #a

provides the interpretation of the factor ¢(x) as a rate of change for x # a. Since ¢
is a priori known to be continuous at a, the definition f'(a) = g(a) shows that the
derivative is well approximated by (average) rates of change. This is the crucial fact
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Appendix A. WIC "Prelude to Calculus”, p32 (key proof)
Figure 11. Range (2016¢:32)

A. Functions in A are also called algebraic.
The most important fact is that the familiar factorization result for
polynomials generalizes to functions f € A, as follows.

Lemma 7.1. (Factorization Lemma.) If f € A and a is in the domain
of f. then there exists ¢ € A defined on the domain of f such that

f(x) = fla) = g(z)(z — a). (P.12)

The proof of this statement basically involves checking through the
proofs of the rules we discussed in the preceding section, where in each
instance we were able to conclude that, given the factorization for the ini-
tial functions, one ends up with an appropriate factorization of the function
that results by application of one or several of the admissible operations.

Based on the factorization result, it is clear how to generalize the notion
of multiplicity of a zero a to the case of a function f € A.

In analogy to the case of polynomial and rational functions, successive
application of the factorization lemma then implies the following result.

Corollary 7.2. Given f € A and the factorization (P.12), then

f(2) = [f(a) + m(z — a)] = (¢(a) — m)(z — a) + k(z)(z — a)’
for some other k € A that is defined on the domain of f.

Geometrically, this means that the line described by the linear function
y = fl(a) + m(x — a) intersects the graph of y = f(z) at (a, f(a)) with
multiplicity at least two if and only if m = g(a). Consequently, the line
given by y = f(a)+g(a)(xr—a) is the tangent to the graph of f at (a, f(a)).
This shows that the function f € A is algebraically differentiable at a, with
derivative D(f)(a) = f '(a) = q(a), where q is defined by (P.12).
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Appendix D. Range (2016c:34) on continuity
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We coneclude the discussion of algebraic functions with another impor-
tant consequence of the factorization (P.12).

Theorem 7.3. Given f € A and a point a in the domain of f, there erist
numbers & = 0 and K, such that one has the estimate

|f(z) = fla)| < K|xr—a| for all z with |r —a| < 4. (P.13)

We had seen the significance of this kind of estimate already in Section
4, where it was used to recognize that the instantancous velocity v(tg)
is well approximated by average velocities over shorter and shorter time
intervals around #p. The crucial property expressed by the estimate (P.13)
is that the values f(z) approach f(a) as # — a, since clearly the left side of
(P.13) becomes increasingly smaller as |r —a| — 0. This is the essence of
what is known as the continuity of the function f, a fundamental property
that will be discussed more in detail in Chapter II. As we shall see in the
next section, this approximation property is the eritical ingredient that will
allow us to study the tangent problem for more general functions that are
not of algebraic type.

Proof. The proof of the theorem easily follows from the fact that func-
tions ¢ € A are locally bounded, as follows: given a in the domain of g,
there exist numbers § > 0 and K that depend on g and a, so that

lg(x)| < K for all & with |r —a| < 4. (P.14)

In order to prove the estimate (P.13), recall that by (P.12) one has
flx) — f(a) = g(x)(x —a), where g € A as well. Now use the above local
bound (P.14) for the factor ¢ to obtain

|f(x) = fla)] = lg(z)| |z —a| < K |z — a
for all & with |x — a| < 4. [ |



Appendix E. Range (2016¢:13-14) actually uses the dynamic quotient
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by formula (P.2), since this formula now gives the meaningless expression
%. However, if we rewrite the equation that defines velocity as the product
distance = velocity x time, then the problem becomes more manageable.
In fact, let us consider the simple case considered by Galileo, i.e., d(t) = ct?.
If we fix a particular time ¢, then d(t) — d(to) = ct? — ct?, which factors

into
d(t) —d(to) = e(t + to)(t — to). (P.3)

Note that if ¢t > ¢y the factor e(t + ) in this last formula obviously equals
the average velocity over the time interval from ¢y to t. (Just divide both

velocity is allowed to be both positive and negative (or zero), with the sign accounting for
the direction of motion along a line. More generally, when the motion is not constrained
to a line, the velocity is represented by a so-called vector, a more complicated quantity
that encodes, for example, the direction of the motion in space.

sides of (P.3) by ¢ — ¢ty # 0.) This also holds if t < tp, where the time
interval now goes from ¢ to . (See Problem 2 of Exercise 4.1.) Therefore,
trusting in the consistency of the formula (P.3), we are led to define the
velocity at to by taking the value of this factor at ¢ = tg, i.e., we define

'U(t(]) = C(tn + tn) = 2etp.

Perhaps vou have some doubts about the validity of this definition. After
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Figure 12. Range (2011:404)

1. INTRODUCTION. Have you ever wondered why we burden our students with
limits when teaching about tangent lines and differentiation of rational, root, and
similar algebraic functions? Of course, as experienced mathematicians, we know that
limits ultimately cannot be avoided. However, the early emphasis on limits in the
context of differentiation of numerous algebraic examples may cause quite a bit of
confusion. After all, the calculation of such derivatives relies primarily on algebraic
techniques to rewrite the difference quotient in such a way that one can cancel the
troublesome h = Ax # 0 from the denominator. The final answer then follows by
what appears to be just plugging in h = 0. Surely most students, when first shown
the derivative of y = x?, are hard pressed to understand the subtlety of the statement
limy,_.o(2x 4+ h) = 2x, a conceptual leap that took mathematicians close to two cen-
turies to fully understand and to formulate correctly. Yes, we try to teach our students
that we do need to take the limit as h — 0, rather than just evaluate at h = (. On
the other hand, evaluating at # = 0 is eventually justified by invoking the continu-
ity of the relevant functions. No wonder today’s students in a standard first calculus
course typically retain little about limits. They have grown up with graphing calcula-
tors, and continuity—at least its intuitive geometric interpretation—Ilooks obvious to
them. Consequently it is difficult for them to grasp the need for limits as long as one
considers only algebraic functions.

Thinking about these difficulties in the teaching of elementary calculus, I was
somewhat surprised to discover that there is a very simple and natural algebraic
approach to differentiation of algebraic functions that avoids limits altogether and
justifies the students’ “easy” calculation of derivatives by “plugging in.” More sur-
prising was the realization that this approach had not been used systematically in
the early days of calculus, when mathematicians struggled unsuccessfully for nearly
two centuries to resolve the inconsistencies and mysteries regarding infinitely small
quantities, infinitesimals, and differentials that are zero or nonzero depending on what
suits the purpose.' While the basic idea already appears in the work of René Descartes
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The algebraic differentiation process that we just discussed for polyno-
mials extends immediately to rational functions B = P/Q (i.e., quotients of
polynomials) at any point a where R is defined, that is, where the denomi-
nator ( is non-zero. Given that Qfa) £ 0, if Ria) = 0, then one must have
Pla) =0 as well, and hence Px) = gplx)(x — a) for some polynomial gp.
Consequently R(x) = g(x){x — a), where g = gp /() is a rational function
defined at a. If B{a) = ). one obtains a corresponding factorization

Rix) — Rla) = grlc)(x — a) (P.T)

with another rational function g defined at a. In analogy to the case of
polynomials we say that a rational funetion R has a zero at a of multiplicity
= m, where m iz a positive integer, if R(x) = ky(z)(x — a)™ for some
rational function &, (r) defined at a. DBy an argument analogous to the
one used earlier for polynomials, it follows that a rational function R is
algebraically differentiable at every point a where it is defined, i.e., its graph

has a (unique) tangent line at the point (a, RB{a)) defined by the property
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Figure 13. Range (2016¢c:14)

Perhaps you have some doubts about the validity of this definition. After
all, the basic formula distance = velocity x time reduces, in the case f = t;,
to the equation (0 = ¢(tp +tp) -0, which surely is correct, but then any other
number k also satisfies the equation 0 = k- 0. So you may ask why do
we single out the particular number ¢(ty + fy) among all the other possible
numbers k that satisfv the equation?

One justification surely comes from the fact that e(to + to) is exactly
that number that arises when { is replaced by tp in the algebraic formula
d(t)—d(to) = e(t+1tp)(t—1tp). Since this formula does represent a “universal
truth”, the value of e(t + ty) at t = ty should have an interpretation that
is analogous to that for all other values t, that is, it should represent a
velocity. And since only one moment in time #p is involved, it is reasonable
to think of e(tg + to) as the velocity at tg.

Another justification is based on the geometric interpretation involving
tangents to parabolas that we discussed earlier in Section 3. As we showed
then (just replace x =t and y = d(t) = ¢t?), the line through the point
(to, ct?) with slope 2¢ty is the tangent to the graph of the function d(t) = ¢t?,
i.e., it is that line that fits the graph in an “optimal” way. Rephrasing this
in the context of motion we thus can say that at the moment ¢ = tg, the
constant speed motion I(t) = ct3 + 2ety(t — ty) with velocity 2cty (i.e., the
equation that defines the tangent) provides an optimal description of the
motion given by d(t) = ¢t at that moment. More precisely, this constant
speed motion matches the given motion described by d(t) at the moment
tp “with multiplicity twe”, that is, at two points in time that just happen
to coincide. Alternatively, think of a vehicle starting from rest at £ = ()
under the same uniform acceleration as a falling stone, so that—according
to Galileo—the distance traveled at time ¢ > 0 equals d(t) = ct?. At
time tp the driver takes off his foot from the accelerator. Neglecting minor
factors such as friction, air resistance, and so on, the car would continue
rolling with constant velocity equal to 2cfy.
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Figure 14. Range (2016¢c:14-15)

Finally we can also consider a dynamic point of view, which perhaps
reflects most closely the crux of motion with variable speed, as follows.
As we saw, for f # t; the value g(t) = e(t + ty) gives the average velocity

during the time interval [tg, t] (or [t, tp] if < tp). Surely we expect that the
velocity at tg, no matter how defined, should be very close to the average
velocity over very short time intervals, i.e., when ¢ is very close to #;, and
furthermore, this approximation should improve as the time interval gets
shorter, i.e., the closer ¢ gets to f5. The chosen value v(tp) = g(to) fulfills
this expectation perfectly, since

lg(t) = gq(to)] = le(t + to) = 2cto| = |c] |t = to]. (P.4)

Evidently formula (P.4) shows that when f is “very close” to tg, then the
average velocity g(t) from tg to t is *very close” to g(tp) as well. For
example, let us use meters and seconds, so that ¢ = 4.9 m/ sec”. Suppose
to = b sec and t = tp + 1/1000 = 5.001 sec; then the average velocity g(t)
during the interval [ty, 1] equals 4.9 x 10.001 m/sec, which differs from the
velocity g(5) = v(5) = 2 x 4.9 x 5 m/sec by 4.9 x 1/1000 = 0.0049 m/sec.
Stated differently, formula (P.4) gives a precise meaning to the intuitive
statement that as t approximates ty (we write ¢ — #g), then g(t) — g(to)
as well. As we shall see later, the property we just discussed and that we
encode in the statement

if t — t, then g(t) — q(tg),

is an elementary example of a fundamental abstract property that is known

as continuity.

<<



Appendix J. Table with an overview of issues

Table 3. Overview of some issues in the comparison
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